G Exercises 7

G.1 ABCD algorithm

The beam combiner of GRAVITY measures the complex visibilities via four intensities with small phase shifts:

In = Iy+IyAcos(¢)

Ip = Iy+ IyAcos(¢p+7/2)
Ic = Iy+ IpAcos(¢p+7)

Ip = Iy+ IpAcos(¢p+ 3m/2)

Derive the formulas for phase ¢ and amplitude A.

Solution:
In = Ip+ IpAcos(o)
Ip = Iy+1IpAcos(¢p+m/2) =1y — [pAsing
Ic = Ip+IpAcos(¢p+m)=1Iy— IpAcos¢
Ip = Ioy+IpAcos(¢+3m/2) =1+ IpAsing
ID —IB o 2[0ASiIl¢ —tan¢
Ic — 14  2IgAcos¢p
Ia+Ip+Ic+1Ip = 4l
(Ip —Ip)? + (Ic — Ia)* = (2IpAsin$)? + (2IgAcos ¢)* = 415 A?
(Ip —Ip)+(Ic —1a)>  ABA* A?
(Ias+Ip+1Ic+1p)2 1612 4

(Equation 376)

G.2 Relativistic aberration

A light source is moving with @ = (u,,0,0) with respect to some rest frame. The four-vector of a photon emitted
is p= (E/c, Bvg/c®, Bvy/?, Bv [c*) with v} 4+ v] +v? = ¢?, such that E = |plc. What is the angle #’ under which
the light is seen in the rest-frame, as a function of emitting angle § and relativistic 8 = |u|/c?

Py _

cosfh = 2 = ...
1P|

Use a Lorentz boost for expressing the primed quantities in terms of original ones, the matrix is

v By 00
By v 00
0 0 1

0 0 01
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Solution:

E'/c v By 0 0 E/c YE/c+ ByEv,/c? vE/c+ Bypsy
EW /2| |IBy v 00 Evy/? | | ByE/c+~vEv./? | | BYE/c+ YD
Ev /el |0 0 1 Ev,/c* | — vEvy,/c? n YDy
E' /c? 0 0 01 Ev,/c? yEv,/c? vp

cos@’:ﬁzi— BYE/c+p., _ Blp] +|plcos® B4 cost

lp'| E'c - YE/c+ Byp.  |p]+ Blplcos§ 14 Bcosh

(Section 3.4)

G.3 Riccl tensor
For the Schwarzschild metric we found for the Ricci tensor

B// A/B/ B/2 B/

Boo = 94~ 4ar “aaB*va
B/l BI2 A/B/ Al
B = —optip i A
1 rA rB’
fo = =5+ om*1 " oap
What are these expressions when making the ansatz
B(r) = '™
A(r) = M)
Solution:
B(r) = e
B'(r) = e"V(r)=2(r)B(r)
B'(r) = v"(r)B(r)+ 1/ (r)(e"")/ (r) = Br)(v"(r) + (/' (r))?)
A(r) = M)
Al(r)y = OIN(@) = N(r)Ar)
A'(r) = N'()A@) + N () (@)X () = Alr) (X' (r) + (N (r))?)
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R B B Bl/’_|_B1/2 AN BV B2V/2+B7V/
0 = A\2B " 2B 4AB 4B2 " rB

I/” 1/2 )\/1/ l//
v=XA [ 4+ + =
2 4 4 T

Bv" B Bv? Buv?  ANBY AN

@

Ry = - 2B 2B * 4B + 4AB + rA
I/” V/2 )\/1// )\/
R S
1 rNA  rv'B
Roy = 1——(1- e
> A < 24 ' 2B >
i /
- 1—e—A<1—T;‘ r2y>—1—€_)‘(1+r(1//—)\/))

(Beginning of section 13.2)

G.4 Energy-momentum tensor for a perfect fluid
For a perfect fluid:
T = <p + ci) Uy + Pgp
The perfect fluid be at rest: u* = (ur,0,0,0), and we have our ansatz for the Schwarzschild metric g,, =
diag(—B(r), A(r), 2,72 sin? §), where A, B as in the previous exercise.
e From w.u = —c? derive the relation between up and v.
e Evaluate uqug

e Write down the energy momentum tensor in terms of v, A, p, P

Solution:

B __ 0,0 v, 2

2 p = = gJooUw U = —€ Up

—c* = ugu’ = gapuu

ur e V2

Ul = Ugllp = (gOOUO)(gOOUO) _ (_evenu/QC)(_euenu/QC) — CQED

Too = ce'p

Ty = Pgy=Pe

Tos = Pgoy=Pr?

T33 = Pgs3=Pr’sin®0

(Section 13.3)
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